Work belongs to the most basic notions in thermodynamics but it is not well understood in quantum systems, especially in open quantum systems. By introducing a novel concept of work functional along individual Feynman path, we invent a new approach to study thermodynamics in the quantum regime. Using the work functional, we derive a path-integral expression for the work statistics. By performing theh expansion, we analytically prove the quantum-classical correspondence of the work statistics. In addition, we obtain the quantum correction to the classical fluctuating work. We can also apply this approach to an open quantum system in the strong coupling regime described by the quantum Brownian motion model. This approach provides an effective way to calculate the work in open quantum systems by utilizing various path integral techniques. As an example, we calculate the work statistics for a dragged harmonic oscillator in both isolated and open quantum systems.
Path integral formalism of quantum mechanics and quantum field theory [1] has greatly influenced the theoretical developments of physics. It has an elegant structure for treating gauge-invariant theories. The semi-classical limit of quantum mechanics and instantons [2] (the tunneling effect) can be intuitively understood in this formalism. Quantum anomalies (e.g., chiral anomaly) naturally arise from the path-integral measure [3] . Path integral allows us to understand continuous quantum phase transitions in d dimensional system from a mapped d + 1 dimensional classical system [4] . A path integral description of open quantum systems [5] has been used to study the dissipative dynamics of the quantum systems, known as the Caldeira-Leggett model of the quantum Brownian motion [6] .
Quantum thermodynamics [7] [8] [9] [10] [11] [12] is an emergent field studying the nonequilibrium statistical mechanics of the quantum dissipative systems [13] [14] [15] . Topics in this field include the role of coherence and entanglement in the heat transfer in quantum devices [16] [17] [18] and in the quantum heat engines [19, 20] and refrigerators [21] . Quite recently, experimental studies have been put forward, such as the experimental verification of the exact nonequilibrium relations [22] and the implementation of the quantum Maxwell demon [23, 24] . Connections to quantum information theory have been explored extensively in the studies of Maxwell demon [25] and resource theories [26] . Previous efforts of constructing a framework of quantum thermodynamics were mainly based on operator formalisms. For example, in Refs. [2, 9] , the composite system is treated as an isolated system, but the definition of fluctuating work via two-point energy measurements over the composite system is thought to be ad hoc. In Refs. [28] [29] [30] [31] , a framework based on the quantum jump method, which was borrowed from quantum optics, is established. However, this framework is restricted to very limited cases: the weak-coupling, Markovian and * htquan@pku.edu.cn rotating-wave approximation (RWA) regime. Hence, how to understand quantum work [7] (including relations to its classical counterpart) and calculate its distributions in generic open quantum systems become the most challenging problems in this field.
Classical stochastic thermodynamics [32] [33] [34] [35] , on the other hand, is a framework established in the past two decades, which extends the principles of thermodynamics from ensemble level to individual trajectory level. For example, work, heat and entropy production are identified as trajectory functionals. The first law is reformulated on the trajectory level, and the second law is refined from inequalities to equalities, known as fluctuation theorems (FT) [36] [37] [38] [39] [40] . The Onsarger-Machlup "path integral" approach [41] in formulating the FT [42] [43] [44] [45] in classical stochastic thermodynamics is an analogue [46] of Feynman's path integral formalism in quantum mechanics [1] . Thus, when extending the classical stochastic thermodynamics to quantum regime, a natural idea is to do it based on path integral methods. Nevertheless, no attempt to reformulate quantum FT through Feynman's path integral formalism has succeeded so far (see Fig. 1 for historical developments in relevant fields).
In this Letter, we introduce a quantum work functional along individual Feynman path in quantum systems, and study quantum work statistics. For isolated quantum systems we reformulate the FT (the Jarzynski equality) [47, 48] through path integral approach. For the open quantum system, we study work statistics and FT based on path integral methods [49] [50] [51] (see Fig. 1 ). In particular, we can study the non-Markovian, non-RWA, and strong coupling regime without making any approximations [52] . This is intriguing since stochastic thermodynamics [53] [54] [55] [56] and quantum thermodynamics [57] [58] [59] [60] [61] with strong coupling have attracted much attention recently. We utilize the semi-classical approximation technique of the path integral and show the quantumclassical correspondence of the work statistics. Furthermore, quantum corrections to the classical work functional is obtained, bringing new insights into our understandings about quantum effects in thermodynamics. Two-point measurement scheme.-We first consider an isolated system with the system Hamiltonian given by
, where M is the mass andV (λ t ,x) is an arbitrary potential, whose timedependence is specified by λ t . This external control of the potential drives the system out of equilibrium and injects work into the system. The fluctuating work in an isolated system is defined via the so-called two-point measurement scheme [47, 48] . By measuring the energy of the system twice (E 0 n and E τ m ) at t = 0 and t = τ , we define the quantum fluctuating work as the difference in the measured energies: W m,n := E τ m − E 0 n . The joint probability about observing such measured energies is given by p(n, m) := p n | m(τ )|U S |n(0) | 2 , where p n := n(0)|ρ S (0)|n(0) , ρ S (0) := e −βHS(λ0) /Z S (λ 0 ) is the initial canonical density matrix of the system at the inverse temperature β, |n(t) is the n-th instantaneous energy eigenstate of the system at time t, and
is the unitary operator describing the time evolution of the system. The work probability distribution is given by P (W ) := m,n δ(W − W m,n )p(m, n). Taking the Fourier transformation of the work probability distribution, we define the characteristic function of work [1] by χ W (ν) := dW P (W )e iνW . This can be expressed as 
Here,
As a result, we can rewrite Eq. (1) as
where ρ(x i , y i ) := x i |ρ S (0)|y i and the integration in Eq. (3) is performed over dx i dy i dx f dy f δ(x f − y f ) Dx Dy. In Eq. (3), the time dependence of the controlling parameter λ t between the forward x(t) and the backward y(s) paths are shifted byhν, which is relevant to the Ramsey interferometry scheme proposed in Ref. [63] (see also Fig. 2 (a) ). Next, we use the iden-
[64] and rewrite Eq. (3) as
Here, we introduce the quantum work functional along the forward path x(t) [65]
It can be regarded as a quantum extension of the classical work defined as the integral of the supplied power [32, 36] 
Both W ν [x] and W m,n lead to the same work statistics (Eq. (1) and Eq. (4) are identical). In Ref. [7] , it is pointed out that the equivalence of power and two-point measurement based work definitions fails to hold in quantum mechanics. We would like to emphasize that their conclusion is due to the fact that they did not obtain the proper quantum extension of Eq. (6). From Eq. (5), we find that a time-average (hν) −1 hν 0 ds · · · is required to circumvent the uncertainty relation and obtain the highfrequency component ν of the work functional.
By performing theh expansion (or the ν expansion) in the quantum work functional (5), we can systematically obtain the quantum corrections to the classical expression of the work functional:
where
is the first-order quantum correction to Eq. (6). Further quantum corrections can be obtained by Taylor expanding Eq. (5). Using the formula 
The expansion (7) is useful for calculating the n-th moment of work distribution via Eq. (9). An important observation in this path integral expression is that the quantum corrections to the classical work functional can be found starting from the second moment of work distribution:
where • q-path means average over all Feynman quantum paths; f q-path := e
In general, the n-th order quantum correction appears in the n + 1-th moment of the work distribution.
In the semiclassical limit (h → 0), the quantum work functional (5) reduces to the classical fluctuating work (6) , and the center coordinate X(t) := (x(t) + y(t))/2 behaves as the classical position of the system [49] . By taking the stationary phase approximation, Eq. (4) converges to its classical counterpart e iνW cl cl-path [67] . Here
means average over all classical paths obeying Newton's equation, and p(X i ,Ẋ i ) is the initial phase-space distribution. Therefore, we analytically prove the quantum-classical correspondence of the characteristic function of work distribution in isolated systems. Relevant results have been obtained in Refs. [70, 71] (see Fig. 1 ) -quantum Brownian motion described by Caldeira-Leggett model [6, 13] . We use the CaldeiraLeggett model for two reasons. First, the semi-classical limit of this model reproduces the Langevin equation with inertia term [6, 13] , which is a prototype model in the study of classical stochastic thermodynamics [32] [33] [34] [35] . Second, we can analytically integrate out the degrees of freedom of the heat bath, which brings important insights into the understandings of the work statistics in the open quantum system. The Hamiltonian of the composite system is given by H tot (λ t ) = H S (λ t ) + H B + H SB , with
where we have included the counter term
in the interaction Hamiltonian to cancel the negative frequency shift of the potential [72] . Here H S (λ t ) is the same Hamiltonian we use for an isolated system, and m k , ω k , c k ,q k andp k are the mass, frequency, coupling strength, position and momentum of the k-th mode of the bath, respectively.
The reduced density matrix of the system at time τ is given by
] is the unitary time-evolution operator for the composite system and we choose the initial state to be ρ(0) = exp(−βH tot (λ 0 ))/Z tot (λ 0 ). Using the path-integral technique, the reduced density matrix takes the form [49] [50] [51] [52] 
where F FV [x, y,x] is the generalized Feynman-Vernon influence functional [50, 51] , and x, y,x are the forward, backward, imaginary time coordinates of the system, respectively (see also the contour C 1 in Fig. 2 (b) ). Here,
We can integrate out the bath degrees of freedom and obtain the path integral expression of Eq. (13) by adapting a similar technique we use for the isolated system:
Here, the integration is performed over δ(x f − y f )dx i dy i dx f dy f DxDyDx and the influence functional is given by
where 
where the quantum work functional is given by Eq. (5). We note that Eq. (16) is valid for the strong-coupling, non-Markovian, and non-RWA regime, and it allows us to calculate work statistics of the quantum Brownian model. The moments of work can be calculated by using Eq. (9), but the average is over all Feynman paths for the open system dynamics (12):
. In particular, Eq. (10) also holds for an open system using the above path integral average. We can show the Jarzynski equality using the path integral expression by using Eq. (16) [73] .
To show the quantum-classical correspondence of the characteristic function of work in the Brownian motion model, we takeh → 0 and β → 0 and introduce X(t) = (x(t)+y(t))/2. We follow the standard treatment [49, 52] 
Here, λ t describes the time dependence of the center of the harmonic potential, and we consider a linear protocol λ t = vt. We note that the characteristic function of work for an isolated system is analytically calculated in Ref. [3] by utilizing the concept of work based on two-point measurement. In Ref. [76] , we obtain the same result by using our path integral approach.
For an open system described by the Caldeira-Leggett model (11), we cannot apply the two-point measurement approach in practice because of the huge number of degrees of freedom of the bath. However, the introduction of the work functional (5) enables us to analytically calculate the characteristic function of work distribution (16) by using techniques [4] developed in the field of path integral for open quantum systems [76] . We plot χ W (ν) in 
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Plot of the characteristic function of work distribution for a dragged harmonic oscillator using the CaldeiraLeggett model (11) . The analytical expression of χW (ν) is given in Ref. [68] . For simplicity, we choose the hightemperature regime and choose the following parameters: 
Fig. 3.
Summary.-Before concluding the paper, we would like to give the following remarks. The usual two-point measurement based quantum work is good for demonstrating Jarzynski equality [2] but practically cannot be used to studying work statistics in an open quantum system because we have to deal with a huge number of degrees of freedom of the bath. By contrast, with the work functional along individual Feynman path, we can not only demonstrate the Jarzynski equality but we can also calculate the work statistics and show the convergence of the quantum work statistics to its classical counterpart. In addition, the work functional along individual Feynman path provides important insights into our understandings about work in quantum systems. Thus, the path integral approach to quantum work has both conceptual and technical advantages over the two-point measurement approach to quantum work.
In this Letter, we invented a path integral approach to study the quantum work and its statistics in the non-Markovian, non-RWA, and strong coupling regime using the quantum Brownian motion model. In comparison with the definition of work based on two-point measurement, the work functional along individual Feynman path (5) introduced in our paper offers conceptually different interpretations and physical intuitions about work in quantum systems. Through theh expansion, we can systematically obtain quantum corrections to the classical work. In the strong-coupling quantum Brownian model, this work functional enables us to calculate the work statistics and prove analytically the quantumclassical correspondence of both the work functional and the work statistics, which has not been reported in open systems so far. In addition, we use a dragged harmonic oscillator as an example to show the corrections and the convergence of the quantum work statistics to its classical counterpart in an open quantum system.
In this supplementary material, we give a detailed derivation of the classical limit of the characteristic function of work in Sec. I. In Sec. II, we derive Jarzynski's equality based on the path integral expression (16) . In Sec. III, we analytically calculate the characteristic function of work for a dragged harmonic oscillator.
I. CONVERGENCE OF THE QUANTUM CHARACTERISTIC FUNCTION OF WORK DISTRIBUTION TO ITS CLASSICAL COUNTERPART
In this section, we show the convergence of the quantum characteristic function of work distribution to its classical counterpart in detail.
A. Isolated system case
We first take the lowest orderh terms for the action of the forward and backward paths, and obtain
Here, we define X = (x + y)/2 and ξ = x − y, and we expand the potential energy as
Because of the delta function δ(x f − y f ) in the characteristic function of work, we can set ξ(τ ) = x f − y f = 0 and thus O(h 0 ) terms vanish. Next, we use the notationẊ i =Ẋ(0) and introduce the Wigner function
which converges to the classical phase-space distribution in theh → 0 limit. Using Eqs. (S1) and (S2) and keeping the lowest orderh terms, the characteristic function of work distribution (4) takes the form
Integration over Dξ gives a delta function δ(MẌ(t) + V ′ [X(t)]), and we show the quantum-classical correspondence of the work statistics for an isolated system:
B. Open system case Let us consider the lowest orderh expansion in the generalized Feynman-Vernon influence functional (15):
Note that O(h 0 ) terms vanish because ξ(τ ) = 0. The first two terms inside the exponential can be calculated as
k ) cos ω k t is the classical bath correlation function. By taking the high-temperature limit for the second line in Eq. (S5), we have
We combine Eqs. (S1) and (S5-S7) and obtain the characteristic function of work (16) in theh → 0 and β → 0 limit:
where the reduced canonical distribution of the system is given by
and we introduce the noise
and the weight function
with C being the normalization constant. By taking the high-temperature (classical) limit, we have L Re (t) = (1/hβ)K(t) + O(β). Therefore, the noise Ω(s) satisfies the classical properties in the high-temperature limit:
We introduce the Wigner function by Eq. (S2) and integrate over Dξ to finally obtain
where the delta function enforces the classical path X(t) to satisfy the classical non-Markovian Langevin equation:
Equation (S14) is the classical characteristic function of work and thus we show the quantum characteristic function of work distribution converges to its classical counterpart.
II. JARZYNSKI'S EQUALITY
Jarzynski's equality can be shown by taking ν = iβ in the characteristic function of work [S1, S2] . From Eq. (13), we have χ W (iβ) = dW e −βW P (W ) = e −βW = e −β∆F .
Here, ∆F := F λτ − F λ0 , where F λt := −β −1 ln Z λt is the free energy of the open system of interest [S2] . We can also show the Jarzynski equality using the path integral expression by using Eq. (16) . We note that taking ν = iβ requires a Wick rotation, and the quantum work functional (5) can be expressed as
where S E [λ t ,x t ] = hβ 0 du[Mẋ 2 t (u)/2 + V (λ t ,x t (u))] with endpoint conditionsx t (0) = x(t) andx t (hβ) = y(t). Then, we find that 
whereF FV is calculated from the time-reversal of the contour C 1 (Fig. 2 (b) ). This gives a density matrixρ S (τ ) generated from the time-reversed protocol. Therefore,
and this is the Jarzynski's equality.
III. CHARACTERISTIC FUNCTION OF WORK FOR A DRAGGED HARMONIC OSCILLATOR
In this section, as an example, we obtain analytical results for a dragged harmonic oscillator. The potential is given by V [λ t , x(t)] = Mω 2 2 (x(t) − λ t ) 2 , where we choose a linear dragging protocol λ t = vt.
A. Isolated system
The characteristic function of work for an isolated system is analytically calculated in Ref. [S3] and it takes the form 
We also note that
If we only use the classical expression of work (S22) for the calculation of the work statistics, we have e iνW cl q-path = exp M ω
